Elastic buckling is an instability phenomenon that can occur if a slender and thin plate is subjected to axial compression. An important characteristic of the buckling is that the instability may occur at a stress level that is substantially lower than the material yield strength. Besides, the presence of holes in structural plate elements is common. However these perforations cause a redistribution in plate membrane stresses, significantly altering their stability. In this paper the Bejan's Constructal Design was employed to optimize the geometry of simply supported, rectangular, thin perforated plates subjected to the elastic buckling. Three different centered hole shapes were considered: elliptical, rectangular and diamond. The objective function was to maximize the critical buckling load. The degree of freedom H/L (ratio between width and length of the plate) was kept constant, while H 0 /L 0 (ratio between the characteristic dimensions of the holes) was optimized for several hole volume fractions (φ). A numerical model employing the Lanczos method and based on the finite element method was used. The results showed that, for lower values of φ the optimum geometry is the diamond hole. For intermediate and higher values of φ, the elliptical and rectangular hole, respectively, led to the best performance.
Introduction
Slender structural elements subjected to axial compressive loads can fail suddenly due to a phenomenon known as buckling instability [1] . The plates are thin structural elements commonly used in buildings, bridges, ships, planes and automobiles. In many cases, it is almost in-evitable to have holes in these plate elements for inspection, maintenance, service, and weight reduction purposes. The presence of holes causes a redistribution of the membrane stresses accompanied by a change in the mechanical behavior of the plate [2] . When these structural components are subjected to axial compression the buckling phenomenon can occur. At a certain given critical load the plate will very sudden present large deflections in the out-of-plane transverse direction [3] . An important characteristic of the buckling phenomenon is that this instability may occur at a stress level that is substantially lower than the material yield strength. The buckling behavior of perforated plates has been the object of a large number of researches in the last decade. The analyses methods adopted in the published articles can be divided into two categories, i.e., linear elastic buckling and nonlinear elasto-plastic buckling. Among the elastic buckling studies category, El-Sawy and Nazmy [4] using a numerical approach investigated the effect of aspect ratio on the elastic buckling critical loads of uniaxially loaded rectangular plates with eccentric circular and rectangular (with rounded corners) holes. El-Sawy and Martini [5] used the finite element method to determine the elastic buckling stresses of biaxially loaded perforated rectangular plates with longitudinal axis located circular holes. Alternatively, Moen and Schafer [6] developed, validated and summarized analytical expressions for estimating the influence of single or multiple holes on the elastic buckling critical stress of plates in bending or compression. In the group of studies dedicated to the problem of elasto-plastic buckling, El-Sawy et al. [7] investigated the elasto-plastic buckling of uniaxially loaded square and rectangular plates with circular cutouts by the use of the finite element method, including some recommendations about hole size and location for the perforated plates of different aspect ratios and slenderness ratios. Afterwards, Paik [8] [9] [10] studied the ultimate strength characteristics of perforated plates under edge shear loading, axial compressive loading and the combined biaxial compression and edge shear loads, and proposed closed-form empirical formulae for predicting the ultimate strength of perforated plates based on the regression analysis of the nonlinear finite element analyses results. Maiorana et al. [11, 12] focused on the linear and nonlinear finite element analyses of perforated plates subjected to localized symmetrical load. In summary, most of the previous researches focused on the changes in buckling behavior of perforated plates due to the presence of cutouts. The optimal hole shape and hole size to the plate buckling performance has not yet been systematically investigated. This task can be appropriately performed by relying in Constructal theory and has a practical relevance as in the self-weight reduction of structures. Constructal theory is the view that the generation of flow configurations is a physics phenomenon that can be based on a physics principle (the Constructal law). The Constructal law states that for a finite-size flow system to persist in time (to live), its configuration must evolve in such a way that it provides easier access to the currents that flow through it [12] [13] [14] [15] [16] . Constructal design is the method based on constructal law to discover the configurations that maximize the access of the flow currents. The method applies the objective and constraints principle in such a way that the best architecture can emerge deterministically. The applicability of this method to engineered flow systems has been widely discussed in recent literature, e.g. in designing cavities and assembly of fins [17, 18] . Lorente et al. [19] have shown that Constructal theory can also be applied to mechanical strength. Therefore, the main objective of this article is to show the application of the Constructal Design to the determination of the optimal hole shape and size to the elastic buckling performance of perforated plates (with elliptical, rectangular and diamond holes) under uniaxial compression loading.
Method of analysis
Initially the solid (non-perforated) plate was studied analytically and numerically. The results obtained by these two approaches were compared, serving as the first validation of the computational modeling. Besides, the analytical critical buckling load for the plate without hole was adopted as a reference parameter throughout the work. After that, a second validation of the numerical model was performed by comparing the results for the critical buckling load of perforated plates with numerical results obtained by other authors. Finally, the geometrical optimization process for plates with centered holes based on Bejan's Constructal design [13] was developed.
Buckling of plates
In many design situations, thin plates are subjected to uniaxial compressive loads. The slenderness of these components causes them to be susceptible to instabilities such as buckling. An example of a rectangular thin plate of length L, width H, thickness and subject to axial compressive loads P can be seen in Figure 1 .
While these in-plane forces P are kept sufficiently small, the equilibrium remains stable and the resulting deformations are characterized by the absence of lateral (out-ofplane) displacements. If the magnitude of these in-plane forces is increased, at certain load intensity, the plate will suddenly present large deflections in the out-of-plane transverse direction. In this condition, the originally stable equilibrium becomes unstable and the plate is said to have buckled. The load producing this condition is called the critical load. The importance of the critical load is the initiation of a deflection pattern that, if the load is further increased, rapidly leads to very large lateral deflections and eventually to complete failure of the plate. For the case of a rectangular thin plate the value of the critical load P can be determined analytically, as it is shown in Timoshenko and Gere [20] and in Wang et al. [21] , in the form of the following equation
where κ is a mathematical constant, E and ν are the Young's modulus and Poisson's ratio of the material, respectively, and is the buckling coefficient given by:
where is the number of half waves that occur on plate buckling in the longitudinal direction, defining the buckling mode of the plate. The analytical solution for the critical buckling stress is obtained by dividing the critical load P by the plate thickness , resulting,
where the ratio H/ is called the plate slenderness. The materials properties and dimensions of the plates analyzed are shown in Table 2 .1. By applying Equation (2), using the data from Table 1 and assuming that two half waves are generated in the longitudinal direction of the plate, one obtains the buckling coefficient k = 4.0. Now using Equation (1), the analytical value for the critical buckling load in this example is P = 759.20 kN/m. The numerical model was developed through the finite element software ANSYS ® . In all simulations the SHELL93 element, with eight nodes and reduced integration, was used. This element has six degrees of freedom at each node: three translations (u, v, w) and three rotations (Θ , Θ , Θ ) [22] . For the numerical study of the buckling phenomenon it was adopted an elastic eigenvalue analysis. The finite elements equilibrium equations for this type of analysis involve the solution of a homogeneous algebraic equation system whose lowest eigenvalue corresponds to the critical buckling load and the associated eigenvector represents the first buckling mode of the plate [23] . The formulation used in the analysis includes both the linear and non-linear strain components. Thus, the total stiffness matrix [K] is obtained by the sum of the conventional stiffness matrix for small deformations, [K E ], with another matrix [K G ], called geometrical stiffness matrix. The matrix [K G ] depends not only on the geometry but also on the internal forces existing at the beginning of loading, {P 0 }. Then, the total stiffness matrix for a plate at the load level {P 0 } can be written as [24] :
When the load reaches a level {P} = λ{P0}, where λ is a scalar, the stiffness matrix can be defined as:
The governing equilibrium equations for the plate can be written as:
where {U} is the total displacement vector, which may therefore be given by:
At buckling load, the plate presents a large increase in the displacements without a load increase. By mathematical definition it is possible to determine the inverse matrix as the adjoint matrix divided by the determinant of the coefficients, then the displacements {U} tend to infinity when: 
Equation (8) represents an eigenvalue/eigenvector mathematical problem. The solution of this problem produces the smallest eigenvalue, λ 1 , which corresponds to the critical load {P } = λ 1 {P 0 } at which the buckling phenomenon occurs. Furthermore, the displacement vector associated {U} (eigenvector) defines the buckling mode shape. In the program ANSYS ® , the eigenvalue/eigenvector problem is solved by using the numerical method of Lanczos [22] .
Buckling of non-perforated plates
To verify the computational model, the critical load of a non-perforated plate was numerically evaluated and the result was compared with the analytical solution given by Equation (1). The plate was discretized and grid independence was reached by adopting a triangular element with sides of size 50.00 mm (H/20), generating a mesh with 1,814 finite elements (Figure 2 (a) ). The numerical result for the critical buckling load was 755.30 kN/m. This means a difference of -0.51% between numerical and analytical solutions. Figure 2 (b) shows the buckling mode of non-perforated plate.
Buckling of perforated plates
Here, the computational model previously presented was employed to analyze the buckling behavior of thin perforated plates. The same plate used in the first verification was studied, however a centered circular hole were considered. In Table 2 .1.2 the results for the critical buckling load were compared with those obtained by the numerical study developed by El-Sawy and Nazmy [4] .
Again an excellent agreement was obtained, being -0.53% the maximal difference encountered. 
Constructal design applied to the elastic buckling of plates
Constructal design was employed in this section to study thin plates with a centered perforation. Three different types of holes were considered: elliptical, rectangular and diamond. The objective is to maximize the critical buckling load. The volume of the plate was constant and given by
The volume of the hole (V 0 ) was also kept constant, but this constraint was replaced by the hole volume fraction (φ), which is defined by the ratio between the volume of the hole and the volume of the plate. The ratio between the width of plate and its length H/L was also kept constant, but the ratio H 0 /L 0 , the characteristic dimensions of the hole, was allowed to vary. Therefore, the variation of the size of the holes is governed by the parameter hole volume fraction (φ). So to the plate with a centered elliptical hole (Figure 3) , the volume fraction is defined by:
where π is the mathematical constant; H 0 and L 0 are the characteristic dimensions of hole in and directions, respectively; H is the plate width, L is the plate length and is the plate thickness. When the thin plate has a hole with a rectangular shape ( Figure 4 ) the hole volume fraction is given by:
And for the plate with centered diamond hole ( Figure 5 ) the hole volume fraction is obtained by: The objective in all analyses was to determine the optimal hole geometry (H 0 /L 0 ) that is characterized by the maximization of critical buckling load for the perforated plate. For this, based on Constructal design, the variables of the problem were considered dimensionless:
being A the area of plate without hole defined as: A = HL (14) and its dimensionless definition is given by
It is worthy to mention that, the diversity of phenomena addressed with several ad hoc statements and optimization methods (e.g., minimum entropy generation, maximum entropy production, minimum and maximum flow resistance and others) are manifestations of the single natural tendency that has been expressed by the Constructal Law [13] [14] [15] [16] . Moreover, the applicability of Constructal Design in association with numerical methods, as the Finite Element Method (FEM), has been confronted with other optimization methods [13] [14] [15] [16] . Examples of this applicability for several engineering problems have been presented in recent literature [17, 18, 25] .
Results and discussion
The investigation about the critical buckling load of perforated plates was developed considering different values for the hole volume fraction, φ for each hole shape. So, a variation of the degree of freedom H 0 /L 0 was performed for each case. The other degree of freedom, H/L, was kept equal to 0.50 for all numerical simulations. Besides, these values of critical buckling load numerically obtained were normalized by the analytical result for the critical buckling load of a non-perforated plate (Equation (1)), i.e., Figure 6 presents the behavior of dimensionless critical buckling load as function of the degree of freedom H0/L0 of the plate with centered elliptical hole. It is possible to note in Figure 6 that for each hole volume fraction there is a maximum value of critical buckling load that is placed in an intermediate range of the ratio H 0 /L 0 . Another important observation among the results presented in Figure  6 is concerned with the increasing of the maximum critical buckling load with the increasing of the hole volume fraction. This trend is related with the degree of freedom H/L equal to 0.5, i.e., other values of H/L may conduct to different behaviors. The buckled shapes for a plate with a centered elliptical hole are shown in Figure 7 . These shapes correspond to three values of H 0 /L 0 : 0.25 ( Figure 7(a) ), 0.90 ( Figure  7(b) ) and 1.00 (Figure 7(c) ), which represents the lower extreme, the optimal and the upper extreme ratios of H 0 /L 0 , respectively. This plate has a hole volume fraction of 0.30. Figure 6 is observed, i.e., when the value of hole volume fraction increases there is an increase in maximum P .
Considering φ of 0.40 and H0/L0 of 0.25, 0.75 and 1.00, the buckled shapes for rectangular perforated plate are presented in Figure 9 (a), Figure 9 (b) and Figure 9 (c), respectively. The maximum critical buckling load is obtained for H 0 /L 0 0.75, Figure 9 (b). Finally, the plate with a centered diamond hole was analyzed, and the results for the dimensionless critical buck- Comparing the behavior illustrated in Figure 10 with those presented in Figure 6 and in Figure 8 , it is possible to identify the same trend, i.e., only one value for the maximal critical buckling load is obtained as a function of the degree of freedom H 0 /L 0 . Figure 11 shows the topologies of the buckling mode shapes, for the diamond perforated plate, with hole volume fraction of φ = 0.20 and the fol- Figure 11(a) ), 0.80 ( Figure  11(b) ) and 1.00 (Figure 11(c) ). It is noted that for the small value of H 0 /L 0 , which corresponds to a higher intrusion of the hole in longitudinal direction, only one half-wave is generated, as already observed in other hole shapes (see Figure 7 (a) and Figure  9(a) ). The other two topologies are very similar ( Figure  11(b) and 11(c) ). Each one is formed by two half-waves and having displacements distributed more uniformly than that reached for Figure 11(a) . Therefore, it is presented an analogous behavior to that performed for the elliptical hole. Beyond the already mentioned hole volume fractions, other values of φ were numerically investigated. Figure 12 exhibits the effect of the hole volume fraction over the once maximized dimensionless buckling load for the three hole shapes studied. It is emphasized that, it is not possible to obtain geometries for the diamond and elliptical holes at values of φ > 0.2 and φ > 0.3, respectively. Figure 12 indicates that, for φ 0.20, higher values of critical buckling loads are obtained for plates with centered diamond hole, i.e., in the range where the comparison between the three geometries is allowed, the diamond hole leads to the best performance. For φ = 0.20, the highest dimensionless buckling load is P = 1.8112, which is approximately 17.4 % and 21.5 % better than the best elliptical and rectangular shapes, respectively. For the range 0.20 < φ ≤ 0.30, the elliptical shape is better than the rectangular one, reaching a maximum P = 1.8741, which is approximately 10% higher than the Pcr,dim found for the best rectangular shape. For 0.3 < φ ≤ 0.4, it is only possible to intrude rectangular holes into the plate. In spite of this fact, the maximum dimensionless buckling load reached for the rectangular hole at φ = 0.4 is P = 1.8160, which is 3.0 % lower than the optimal elliptical shape for φ = 0.3. The results make evident the importance of applying the Constructal Design for the geometric optimization of engineering structures. Supposing a practical situation of structural engineering design, where it would be necessary or desirable the employment of a simply supported perforated plate subject to uniaxial compression load with a hole volume restriction of φ = 0.2. Figure 13 shows that, on the contrary to intuitively expected, the optimal shape is obtained with the diamond hole. It is also observed that, the optimal shape is that one that leads to the best distribution of imperfections (displacement, stress). In other words, the same principle employed for the optimization of fluid mechanics and heat transfer problems, and also employed for deterministically explain the nature shapes, is also the responsible for the geometry in problems of mechanic of materials [19] . Finally, in Figure 14 it is depicted the once optimized ratio of
, as a function of for the three hole shapes: elliptical, rectangular and diamond One can observe that the same trend is exhibited for all kinds of hole: the once optimized rate (H 0 /L 0 )o decreases with the increase of the hole volume fraction φ. For the same value of φ, the results indicate that the best performance is reached for the geometry with the lowest once optimized ratio of (H 0 /L 0 ) . Here it is important to note that the method used in the determination of the plate buckling load assumes a linear elastic material behavior. Thus, the results here presented are rigorously valid only if the calculated critical buckling load does not cause normal stresses above the material's yield strength, when it is applied to the plate. If the yielding stress limit is surpassed, a nonlinear finite element analysis should be performed, including geometrical and material nonlinearities [25] . An application of these results could be a case when it is necessary to reduce the weight of plates that compose the web of bridge girders or the web of offshore structures columns. Here the purpose is to withdraw a certain amount of plate's material (defined by the φ parameter) without affecting the plate load bearing capacity. If a hole volume fraction of 20 % is considered, the recommended hole shape would be the diamond as it is shown in Fig. 13 . In this case even a higher elastic buckling critical load could be achieved.
Conclusion
The importance of thin perforated plates as structural members is evident in many engineering applications such as buildings, bridges, ships, planes and automobiles. Therefore, this work was developed aiming to obtain the best geometry that provides the maximum critical elastic buckling load. A numerical approach, based on the Finite Element Method (FEM), was adopted to apply the concepts of Constructal Design, defining the optimal geometry, i.e., the geometry that supports the highest critical buckling load. Three different configurations for the centered hole in a perforated thin plate were considered: elliptical, rectangular and diamond. The influence of the hole shape variation and the hole size variation was investigated, adopting a constant ratio between width and length of the plate The results indicated that the plate with diamond hole is the best geometry until a volume ratio φ of 0.20 is reached, i.e., higher values of the critical buckling loads are obtained for plates with centered diamond hole for φ 0.20. In this range the maximum dimensionless critical buckling load P encountered was approximately 1.80. However, for hole volume fractions between 0.20 and 0.30 the hole shape that generates larger critical buckling loads is the elliptical, reaching a maximum P of approximately 1.90 when φ = 0.30. For the cases where volume fractions larger than 0.30 are required, it was indicated the rectangular shape for the central perforation in the plate, reaching a maximum P of approximately 1.80 for φ = 0.40. One can note that the optimized geometries were defined in agreement with the Constructal principle of minimization of distribution of imperfections, showing that the Constructal Design can be used to obtain the optimal shapes in mechanic of materials problems with the same efficiency that is used in problems of fluid mechanics and heat transfer. It is interesting to note that thin plates present a different behavior from columns with respect to buckling. For a slender column the buckling load almost coincides with its failure load. On the other hand, thin plates can support a considerable load amount after buckling due to stress redistribution and elasto-plastic material behavior. However, in the present work the analyses were limited to the elastic buckling of plate. So a natural sequence of this work is the investigation of the structural behavior of perforated thin plates under uniaxial compression considering both geometrical and material nonlinearities.
